Lecture 10 



Interior C^ " estimate for Newtonian potential (continued) 

Proposition 1 Consider Bi = Br{xq) C B2r{xq) = B2, f G C°'{B2r), where < 
a < 1. Let uj{x) = j^^T{x — y)f{y)dy, the Newtonian Potential of f in B2. Then 
u G C^'"(i3R(xo)) and we have estimate 

where C = C{n,a) is constant. 
Proof: (continued) 



(VI) = (fix) - fix)) [ DijT{x - y)dy 

<\f\c'-(x)\x -x\°'\ / DiT{x - y)iyjdsy\ 

< l/lc«(x)<^"(l / DiTix - y)i^jdsy\ + I / DiTix - y)uj 

JdB2 JdBs{i) 

< ^Iflc^i^nl^^ W^^'^y + L,,) R^'^^^ 4ly - ei < |y - x| 

< c|/b.(.)(<5"^na;42i?)--i + ^^J^r^Ur,{S)^-') 

< c|/|c«(.)<^"- 



'.jdSy\ 



(V) = [ {DijVix -y)- A,T(x - y)){f{y) - f{x))dy 

JB2\Bs{0 

< I \DDijT{x-y)\\x-x\\f\cc.(^)\x-y['dy 



lB2\Bs{0 

Since 

S 3 
\x-y\<\x-C\ + \^-y\<- + \^-y\< - y\ 

and 

S 1 
\y-^\<\y-x\ + \x-^\<\y-x\ + -<\y-x\ + -\y-^\ 

=^ ^\y-^\ < \y-x\, 
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We thus get 

< c5|/|c«(^) r"-2dr < c(5|/|c«(^)^((3i?)"-i - 6°'-') 
Combine all the results, we have shown 



thus 



I Ajt^C^;) - DijLo{x) 



I.e. 

jai 7-i2 



Since we have already known that 

\D^Uj\o<c{\\f\\c'> + R''\f\a), 

we finally get 

\\D^u\\o.B^ + R-\D^U\^,B^ < C(||/||o;S,« + i?"|/|a;S.«). 



Exercise: 

1) Find a continuous function / s.t. Au = f does not have a solution. 

2) Find g e and Au = g but u is not C^'-*^. 



Interior C^" estimates for Poisson's equation. 
Application: u G C2(B2r(xo)), = /, / G C"{B2r{xo)). 

Theorem 1 

||ti||c2,a(5i?) < -J^{\\u\\cO{B2r) + I|/I|C"(S2«))- 

Proof: Since A(u — A^/) = 0, where Nf is the Newtonian potential of /, thus from 
the C^'" estimate of Nf we can get the C^'° of u. ■ 
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Theorem 2 Let u e C^{n),Au = fj e C"(n), then for any CC we have 

\W\\c^'"(n') < C'(ll'"llco(n) + ||/||c<^(fi))- 

Proof: Take x G $7', choose R s.t.i?2R C O, then 

(J 

< \u\c^'-{Bn{x)) < -^i\McO;B2R + \f\c"{B2R)) 

Q 

< -^i\\u\\cO;n + \f\c"in))- 

Taking superior over all x and using previous estimate, we get 
Ikllc2.«(n') < C'(lhllco(Q) + Il/llc«(f2))- ■ 



Boundary estimate on Newtonian potential: C^'" estimate up to the bound- 
ary for domain with flat boundary portion. 

Suppose Bji C B2R, with flat boundary portion Bf C -62" • 

Lemma 1 Let f G C°(i?^), uj{x) = T{x — y)f{y)dy be the Newtonian potential of 
f inB+. Then u G C^Mpha^^^^ 

\D^uW,B, + i?"|^'u;U;B+ < C(\fW,B, + 

Proof: Examine the proof form last time. Prom estimate have 

Dijuj{x) = I DijT{x - y){f{y) - f{x))dy - f{x) [ DiT{x - y)vj{y)dsy. 

Jb+ JdB+ 

(Note Jq^+ Ar(x - y)uj{y)dsy = fg^+ Djr{x - y)vi{y)dsy.) 

So if either ? 7^ n or j / n, the integral on the lower boundary portion of B^ vanishes. 
(Since i/ = (0,0, •■• ,-1).) 
li i = j = then 



Dnnu: = fix) [ (DnTix - y) - DnT{x - y)){-l)da 

JdB+ 

< \f{x)\ [ \DDnr{x-y)\\x-x\da 
- ^' JdB+ \x-y\^ 
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< |/(x)|<5-^nu;i?"-i 
<c\fixW. 

Since we know Auj = f, thus iOnn = f — ^11 — ^22 — ' ' ' , so we see that LOnn G C"^, 
and we can get estimate for Unn from estimates for lou, i < n. ■ 
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